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DETERMINATION OF STRESSES IN GAS-TURBINE DISKS SUBJECTED TO PLASTIC FLOW 
AND CREEP 
By 3%. 13. MILLENSON and S. S. MANSOX 
SUMMARY 
A $nit+di$erence method preciously presented for comput- 
ing elastic stresses in rotating disks i s  extended to include the 
computation of the disk stresses when p l a s t i c j o w  and creep are 
considered. A$nite-d(flerente method is employed to eliminate 
71 uinerical integration and to permit nontechnical personnel to 
make the calculations with a minimum of engineering supur- 
vision. Illustratiw examples are included to facilitate explana- 
tion of the procedure by carrying out the computations on a 
typical gas-turbine disk through a complete running cycle. 
The results of the numerical examples presented indicate tho t 
plastic j o w  inarkdly  alters the t lastic-stress diatribvtion. 
INTRODUCTION 
With the advent of jet propulsion as a motive force for air- 
craft, the gas turbine has become an important source of 
power. In  most machinery, design stresses are limited by 
the yield strength or the creep strength of the material em- 
ployed, together with a certain factor of safety. and little or 
no analytical ronsideration is given to the occurrence of 
plastic flow under operating conditions. Gas-turbine disks, 
however, are required to operat e under t liermal gradients 
and centrifugal forces producing stresses that, in materials 
currently available, frequently cxcced the yield strength, 
resulting in plastic flow. The interaction of plastic flow and 
creep, together with the variation of thermal gradients 
through a series of cycles consisting in starting, running, and 
stopping, can produce stress distributions and even failures 
that might not be anticipated on a basis of elastic-stress 
analysis. 
A rapid routine method of elastic-stress analysis of rotating 
disks is presented in reference 1, which gives accurate values 
of the true stresses in disks provided that the yield strength 
of the material is not cxcceded. Tlie finite-difference method 
of reference 1 has been extended at the NACA Cleveland 
laboratory to include consideration of plastic flow and creep, 
which thus allows calculation of the true stresses in a gas- 
turbine disk and gives the variation of stress distribution 
with time. The handling of plastic flow is somewhat lcss 
routine than tlie calculation of the elastic stresses in that a 
repetitive trial procedure is required. With practice, the 
correct value can be obtained on the fourth or f i f th  trial. 
The computation of the effect of creep, although in procedure 
the same as the computation of plastic flow, is a direct calcu- 
8434&<W 
lation requiring no trial-and-error procedures. Because the 
method eliminates numerical integration, nontechnical per- 
sonnel can make the calculations with a minimum of engineer- 
ing supervision. 
SYMBOLS 
The following symbols are used : 
. 
creep rate under stress ue, (in./(in.) (hr)) 
elastic modulus of disk material, (ib/sq in.) 
axial t h i c k n p  of disk, (in.) 
ratio (3'2) 
2 f J e  
radial distance, (in.) 
temperature, ( O F )  
radial displacement, (in.) 
coefficient of thermal expansion between actual tem- 
perature and temperature a t  zero thermal stress, 
(in./(in.) ( O F ) )  
total creep under stress g e ,  (in./in.) 
plastic increment of strain, (in./in.) 
plastic increment of strain in radial direction, (in./in.) 
plastic increment of strain in tangential direction, 
temperature increment above temperature of zero 
creep increment in radial direction, (in./in.) 
creep increment in tangential direction, (in./in.) 
strain, (in./in.) 
plastic strain corresponding to stress ne in tensile speci- 
radial strain, (in./in.) 
tangential strain, (in./in.) 
Poisson's ratio 
mass density of disk material, ((lb) (sec*)/in.') 
stress, (lb/sq in.) 
equivalent tensile stress, (lb/sq in.) 
radial stress, (lb/sq in.) 
tangential stress, (lb/sq in.) 
proportional elastic limit, (Ib/sq in.) 
time during which creep occurs, (hr) 
angular velocity, (radians/sc.c) 
(in./in. ) 
thermal stress, ( O F )  
men, (in./in.) 
Thc followTing supplementary subscripts are used for de- 
noting values of the preceding symbols in connection with 
the finite-difference soliltion: 
1 
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rL ntli point station 
n-1 (n-l)st point station 
a station a t  smallest disk radius considered 
(For disk with a central liolc, this station is talwii 
a t  the radius of the central hole; for a solid disk, this 
station is taken a t  a radius approximately 5 percent 
of the rim radius.) 
b station a t  rim of tlisli or base of blades 
The following supplementary symbols denote combin a t  ions 
of tlic foregoing symbols: 
stress coefficients defined by equations 
u,,n=Ar.ngt.o + B r , n  
t , n = A  t ,ng t .a  + R t.n 
C, =r,h, 
1 
2 D,  =- ( r , - r , - l )hn 
G‘,D,+G,D’, 
C’,D,- C,D’ 11 L,  =- 
C’,G,+ C,G’, L’ =- 
I1 C’,D,-C,D’, 
(A[, and M’,  are defiiicd in reference 1 for the special 
case P’,=Qn=0) 
ANALYSIS OF PLASTIC FLOW AND CREEP 
Assumptions. --Four assumptions :ire niatle in the subse- 
quen t  arialysis: 
1. The disk mateiial is linearly elastic up to a limiting 
stress value, called the proportional elastic limit, and above 
this limit plastic flow occurs. 
2 .  All variables of material properties and operating 
conditions are symmetrical about the axis of rotation. 
3 .  Axial stresses may be neglected and the radial and 
tangential stresses are uniform across the thickrless of the 
disk. 
4. Trmpcraturrs are uniform across tlie thickness of tlic 
disk. 
Outline of method.- 111 any thiii rotating disli, the com- 
plctc stress stat(> is t l c f i r i c d  when tlir two pi.incipal stresses, 
radial u, arid tangcntial ut ,  arc liriown a t  every radius. Two 
equations rchtirig these stresses to t he radius are requircd 
to specify the stress tlistrihution. The  first of these equations 
can lie dt~tt~i~minctl from tlic conditions of equilibrium of an  
clcment of tlic disk ant1 involvcs no clastic properties of tlic 
material. Tlic sccontl is tleiivcd from the compatibility 
conditions, which state the intcrrclation of radial ant1 
tangcntial stytiins. ‘I’lic> compatil)ility conditions are drpcntl- 
p i i t  upon sti.ess-str:liii plic~nonicna and must tlicrc4’orc~ 
iiwludc any depart urch froin lincar elasticity. When motlificct- 
tioii to allow for any possihlc d ( p r t u r e  from Hoolie’s law 
is made, the c.ompatibility conditions become true for any 
v,zluc of stress. ‘I’lie (.quation derivtd from the compatibility 
contlitions thus motlified, togethcr with the equilibrium 
equation, is trcatetl by the finite-diffcrrnce method of refer- 
ence I ,  arid similar equations are obtained. These equ a t’  ions 
result in additional terms in the final cquations, which ai’e 
used to modify the result of thc cllastic calculation. 
Whenever stresses uridcr discussion have been cnlculatctl 
by the method of reference 1 only, they will be refeiwd to 
as “ c h t i c  strcsscs”; w1iei.c plastic fiow ant1 crecp havc been 
taken into account, the stresses )vi11 bc rcfcrrcd to as “plastic 
stresses .” 
Derivation of method.-The equilihrium q u a t  ion, which 
npplics to both tlic elastic arid plastic conditions, is 
(rhu7) -hut+pu2r2h=O (1) d F  
‘FJle clastic compati1)ility rcdatioris givcn in t ertns of tlie 
radial displrtccmcnt are 
and 
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Equations ( 2 )  and ( 3 )  must be modified to include consider- 
ation of plastic flow. When a material is stressd bcyontl tlie 
proportional clastic limit, the strain in the material is 
differcmt from that indicated by Hooke’s law. rI’lie strain 
under such a load may be consideld as being made up of 
two componCnts, on(’ clastic as prdictetl by tlic laws of das- 
ticity antl one a n  increment of strain due to the flow that 
occurs. Rcivriting cqiiations (2) arid (3) on this basis givw 
Similarly, any c r c q  that  occurs reprcscnts an additional 
departure from olastic behavior, which further modifie‘s 
equations (2) and (3) to 
Whcn tlic pararnctcr u is climiriatcd as in reference 1 ,  
The symbols K,, K’,,, L,, and L’,L have tlic same nieani:ig 
The -Ifn ant1 All’n terms are now defined as in reference 1. 
8s 
(13) 
The elastic case of rc.fcrence 1 thus becomes a special case of 
the more gciieral problem in which P’, and & I n  are both zero. 
Evaluation of plastic terms. -111 order to apply the finite- 
diff ereiice method to problems involving plastic flow, 
a relation between stresses and strains in the plastic regjon 
must be established. I n  reference 2, a numerical-integration 
mctliod for computing disk stresses is presented in which 
dongation is assumcd to proceed a t  constant stress when the 
proportional limit is reached. References 3 and 4 prcsent 
cquations for the plastic relatioii of stress to strain based on 
thc maximum distortion theory-. Relations can be derived 
from tlic equations gircn in reference 4, which form a con- 
vc\nimt means of finding the. plastic increnimts corresponding 
to the stresses present in tlic disk. Rewriting these equations 
in the notation of this report and letting the subscript- 
1, 2 ,  and 3 ctrmote thc three principal directions in the most 
gcwmd case give 
\\-here the ratio R is tlcfinctl in terms of tlic corresponding 
uniaxial stress ue and plastic strain e p  in a tensile specimen 
by tlie relation 
\\~heii cquatioiis (14), (15), and (16) arc rcdiiccd to tho f)iaxial 
condition, which is assumed to prevail in the disk (that is, 
u3=0),  and the finite-diffcrcnce notation is introduccd 
and 
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FIGURE l.-I~nkasial strcss-strain c i i r r ~  shoniua n+itioii hrtnccn strrss u,, and i~lastic 
str.iin c P ,  "_ 
Siibstjtuting equation (19) into quatioils (17) b' 'IVCS 
A typical uniaxial stress-strain (;iirvc~ illustrating the rela- 
tion bctwccri cffrc-tivc stress 'J~,,~ and cffec-tivc plastic struin 
c D , n  on such a ( W ~ V C ~  is shown in figurc. 1. Invcstigatio~is a t  
the Kational Physical Laboratory of Great Britain on 
turbine-disk alloys arid experiments by Taylor and Quinnc~y 
(rcfcrrnce 5 )  werc found to corrclatc wcll with equations 
(20)  for the range of strains over w1iic.h the volume of tho 
matcrial is approximately constant. 
Equations (20)  give the rdations bctwcen plastic. strains 
and truc. strcsscs that will be used as the basis for nurnc~ricd 
cdciilations in the present report. The method of strclss 
analysis to br presented does not depend, however, on th(. 
validity of thcsc equations. As more acciiratc relations are 
determined between stresses and strains, these relations may 
readily be used in placr of equations (20).  
Calculation of plastic flow when no previous plastic flow 
has occurred.-The determination of the plastic stresses in 
the disk resolves itself into the problem of finding corre- 
sponding stresses and strains that satisfy equilibrium and 
compatibility equations (9) arid (IO), and biaxial stress-strain 
equations (20). The problem is approached by first coi 1- 
puting the clastic stresses, and the equivalent uniaxial tensile 
stress a t  each station is determined from equation (18). 
If a t  any station this strcss exceeds the proportional clastic 
limit of the matcrial a t  the tcmpcmture at this station, then 
plastic flow talirs place, and it bccomm necessary to rcsort 
to a trial-and-error procedure to adjust thc stresses to allow 
for this flow. 
Assume, for cxample, the equivalent uniaxial stress a t  a 
given station lies a t  point A on the extension of the modulus 
line in figure 2. Because the point A lies above the propor- 
tional elastic limit (point B), plastic flow must o(mir. The 
stress and the strain must be adjusted to fall on the curved 
stress-strain curve that is characteristic of the material 
As a starting point, the total strain in the true strees-strain 
condition is assumed equal to the strain a t  A .  The stress- 
strain condition a t  the given station then lies on the constant- 
strain line through 6, or at C. The plastic strain e D , n  is 
d A 1 
I *  
I ,  I  
* I  
, I  8 ,  
I ,  
Stroin 
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givcii by CD. Values of A,,,, Af , , ,  and P’, may br obtained by 
using this value of e,,,,, together with the values of u , , ~ ,  u ~ , ~ ,  
and u ~ , ~  from the elastic calculations. 
Once PI, has been calculated, new values of u , . ~ ,  u f . , ,  
and u ~ . ~  can be computed. The new valuc of ue,“ is greater 
than that  at point D, such as that at point E. Although the 
stresses corrcsponding to ne., a t  point E together with the 
strain CD niect the conditions of equations (9) and (lo),  
they locate the stress-strain point F, which is not on the 
stress-strain curve, so that the physical conditions imposed 
by the material are as yet unsatisfied. 1nasmuc.h as any 
value of en., less than CD would give a value of ce., greater 
because the valuc of ue., calculated by using an eP,-, of C D  
is too great, the increment of strain EG corresponding to 
this u ~ , ~  is an  upper limit of ep , , .  Inasmuch as the true 
value of en.,, lies between CD and EG, their numerical 
average, shown as H K, is assumed to be a good approxima- 
tion. New valucs of P’,, u7,,, uf,,, and u ~ , ~  can he com- 
puted by using HK for e p , , .  the stress a t  E for u e n ,  and 
u,,, and u ~ , , .  Assume that this new value of ue,, lies a t  
the point M. Because the stress a t  M is higher than tlic 
stress a t  H i n  value, the increment HK is too small a valuc 
of e p , ,  and is therefore established as a new lower limit of 
e, ,n.  Further, because M is less than E ,  the corresponding 
increment M N is a hew upper limit for e,,,, and the process 
could be repcated again with the numerical average of M N 
and HK. Similarly, if the calculation using an of H K 
had resulted in a ue,, at P, HK would constitute a new 
upper limit and PQ a new lowx limit. Had the resulting 
u ~ , ,  been a t  R, HK would have still become the new upper 
limit of en.,,  but CD would have remained as the lower 
limit. The process is repeated until the value of e,,,,, used 
in the computatioii and the en,,, corresponding to the 
rcsulting (re,, are equal. 
Calculation of plastic flow when previous plastic flow has 
occurred.-The equations for strain that would apply to a 
disk that had already undergone the plastic strain are, 
L than thak a t  E ,  C D  is a lowcr limit of en, , .  Similarly, 
Here the terms [A,] and [A,] represent strains already 
existent in thc material before the application of stresses u f  
and U ,  and are constant for the calculation, whereas A, 
and A f  reprcscnt the components of plastic strain resulting 
from thc application of u,  and u t .  In  the solution of the 
cquations by the finite-tlifferencc method, a term [P’J 
appears together with term P’n. When previous plastic 
flow has occurred only once, [P’,] is identical with P’, from 
the previous calculation; where plastic flow has previously 
occurred more than once, [I”,] is the algebraic sum of all 
earlier P’, terms. Thus, the previous plastic flow given by 
[PI,] may be grouped with the temperature-effect term H’, 
by replacing H’, with H’,- [P’nl. 
This procedure amounts to an assumption that, as the 
I 
I 
5 
/ *  
S t r a i n  
FIGCRE t.-Uniaxial stress-strain curves showing componrnts of strain when plastic flow 
occurs a second time. 
load and the temperature change, the stress position on the 
new stress-strain curve would be the same as if a test speci- 
men were loaded above the yield point, the load removed, 
the temperature changed, and a new load applied. This 
assumption is illustrated by figure 3, in which point A 
represents a loading a t  the first temperature condition; the 
dotted line AB represents the load-removal path; the curve 
BCD, the stress-strain curve at  the new temperature; and 
point C, the new stress position. The total strain at point C 
is given by the sum of three strains. The residual strain 
caused by the first loading is e l ;  e2 is the elastic part of thc 
strain caused by the second loading; and e3, the plastic strain 
caused by the second loading. 
When the foregoing procedure is applied, the curve BCD 
must, of course, represent the true stress-strain curve a t  the 
new temperature of a material that  has already been sub- 
jected to the plastic cycle OAB. I n  general, the new stress- 
strain curve is different from the stress-strain curve a t  the 
\ 
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T,me 
F11.1 RE 4 -Typic,iI ilcforni.ition time cur\ ( 8  ftom ‘I co~istant-tcm~ier.Itnlz, const~iiit-lo,~I 
C ~ W I )  tt’st. 
giwn temperature of a material that has not been subjected 
to plastic flow; h o w ~ ~ - e r ,  unless data arc availabl(. it may tw 
necessary to assunic that the curve BCD is tlic stress-strain 
cur\-e a t  t 1 i ~  given tcmpei*nturc of a spcbcken of virgiii 
mat erinl. 
Calculation of effect of creep. --Creep is usuully tlcfinctl as 
the  contiiiuous tlc.forniation of m a t e i d  uiit1i.r a continuously 
applied load. Experimental data o n  c ~ w q  of various ma- 
trrials arc usutilly obtaincd from tests r u n  untl(lr constant 
load and tcmpcrat ure, although in inany engineering appli- 
cations of materials the more general problem of cliangirig 
load and temperature must be considered. Tlic deformat ion 
curve obtained in a typicd test is sliowri in figure 4. From 
tliis figure it can be sccn that tlic deformation may be con- 
sitlcred as having occiirrctl in tlnw stages. During thc 
pt*iniary stage, t h e  deformation proceeds at a clcclcasing rate;  
during the sccontlary stage, at a constant rate;  and diiriny 
tlic tertiary stage, at an incrcasirig rat(>, which proccctls tint il 
failure occurs. 
Because of tlic lack of (lata on c‘recp rxcept for uniaxitd 
tcnsilc stress, a idation bctwceti crcep deformation and stress 
must 1)o assumcd. 7 ‘ 1 1 ~  following q u a t  ions have bwn  used 
for calculations in this report but, as brtttlr (lata 1)womc 
Point sfations 
a3456 7 8 9 IO I /  12 I 3  I4 15 16 I8 b 
1 I I I I I I I I J 
0 I 2 3 4 5 6 7 8 9  
Radial distance, in. 
FIGVRE 5.-Cross scctiou of disk used for numrric;il i~a in l i lcs  sliowing location of point  
stntious. 
available, more accurate relations can bc used. By tlic us(’ 
of reasoning similar to that employed in cktmniriing tlic 
biaxial componcnts of plastic-strain formulas for the creep 
iticrements, and 6 L , n  may be written 
(22) 
rn 
2 u e . n  
6 r , n =  - ( 2 ~ , , x - ~ t , n )  
n 
In equations (22) and (22a), r, rcprcscnts the total crecp 
that would occur in time 7 under tlie uniaxial stress u ~ , ~ .  It 
is here assumed that for sufficiently small values of r the 
creep may bc considered as occurring instantaneously at the 
end of the time period. 
During the secondary stagc of crccp, a characteristic creep 
ratc c, exists, corresponding to tlie stress ue,n a t  tcmpemturc 
T,  and r n  is givcn directly by 
rn=Cnr (23)  
Tllis rat(. is thc. value usually puldislied in papers on c w t p  
aiid is the ratc used for tlic nurnei*i(~al calculations of this 
rcyort. During primary anct tertiary creep stages, the ci*ecp 
i x t c  is also fuiiction of time, but tlocs riot otlicrwise compli- 
cate the computation. 
Once vahics of 6,. , and 6 t ,  have been found, the values of 
the &’n terms may be tlctermincd and new values of ur, and 
u ~ , ~  may be computed. If the computed values of u ~ , ~  t i r i d  
u t  differ by more than a small amount, perhaps 2 percent, 
from the values of tlicsc stresses bcforc creep occurred. 
a shorter time interval slioulcl be sclcctccl and additional 
computations made for ~ a c l i  such time iritcrval required to 
(qual tlie total time during which crecp occurs. Thc cffcct 
of creep that occurred a t  previous time intervals is consitlcrctl 
in a manner similar to that employed in considering prcvioiis 
plastic flow. The successive values of QIL are summed to 
form a term [ Q ’ n ] ,  which gives the total effect of all previous 
creep deformation so that the term 
TI’,- [I”,] 
I~’,L-”’’?LI-[Q’?71 
is replac~cl by 
I n  any calculation of strcss distribution subsequent to tlie 
oc(~urrencc of creep, the crcclp term [&’ .] is combined with 
the term [P’J as the cumulative effect of all previous 
plastic deformation. 
Examples showing in detail how suc-ccssive stagrs of 
plastic flow and creep arc computed, each stage considering 
all previous plastic deformation, arc given in the following 
section. 
NUMERICAL EXAMPLES 
The numerical examples presented here roprcscnt a set of 
(-omputations during one complete start-run-stop cycle for 8 
typical turbine disk with a continuous rim and wclded blades. 
The assumed profile of the disk is shown in figure 5, together 
urith the locations of the point stations used in tlie computa- 
tiopis. Tlie assumed temperature distributions and corrc- 
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sponding turbine rotative speeds are shown in figure 6.  
Curve TV and the corresponding speed of 11,500 rpm 
represent the steady-statc runriing condition. Curves I to 
111 and the corresponding spec& represent ruiining condi- 
tions through which tlic. turbine disk passes in reaching 
steady-state operation. Curves V to VI1 togcbther with the 
respective speeds reprcsen t running conditions through wliicli 
the turbine disk passes when being stopped. Creep is 
assumed to occur only during the steady-state running period. 
The physical properties of the disk material, including 
specific gravity, modulus of elasticity, strcss-strain character- 
istics, and thermal coefficients of expansion, were based on 
the data appearing in reference 6, together with unpublished 
data obtaincd from the author of this reference. The stress- 
strain curves w r e  constructed on the basis of these data and 
tliosc. for example I appcar in figure 7. Inasmuch as no data 
were available on the c4Fcct of previous plastic flow on the 
shape of thcl strcss-strain curves, it was necessary to ignore 
such effccts and to use curves obtained directly from simple 
tensile-tost data. C r c ~ p  roperties corresponding to a mate- 
rial haviiig good creep resistance were assumed. The cffcct 
of primary creep was omitted because of lack of data. 
Bccauscb tlic disk used for these calculations is solid at the 
center, a supplementary numerical example showing the 
computation of the plastic-flow effect on stress distribution 
in a disk containing a central hole is given in the appendix. 
Example I.-Example I is the calculation of the stress dis- 
tribution in a disk operating under the conditions of curve I 
of figure 6 and having been subjected to no previous plastic 
deformation. These conditions are assumed to represent 
disk operation after the first short period of steady conibus- 
tion when gas temperatures are high, thereby establishing a 
steep temperature gradient between the cent or and thc rim 
of the disk. 
The preliminary elastic calculation is carried out in table 
I (a) by the method of reference 1. Two changes are made in 
the tabular setup. The first change is the insertion of 
columns 25a and 25b immediately following column 25. 
Column 25a lists the accumulated values of [P’J and [Q’J ,  
the total effect of previous plastic deformation. For the 
present example, this column is zero for all stations. Col- 
umn 25b is the value of the term H’n-[P’n]-[Q’n], which in 
I 
0 1 2 3 4 5 6 7 6 9  
ROdJUS, In. 
FIOI.RE 6.-Assumt%d trrnperatur~-datribution curves and wrrespondmg turhine speeds. 
(Cnrvps I. 11. and I11 alp consecutive startingconditions; curve IV represents steady-state 
operation; and curves V. VI,  and VI1 arr consecutive stoppmg conditions.) I 
I 643440-50--2 
this example is the same as column 25. The sccond change 
is the computation of Mn and (columns 31 and 32, 
rcspectivcly), which ww computed in reference 1 by the use 
of column 2.5. In  the present computations, column 25b 
is uscd. In addition, two more columns, 40 and 41, are 
added. Column 40 lists thci values of the proportional 
elastic limit of the material and column 41 lists the 
values of u ~ , ~  as c-omputcd from equation (18). The entries 
in columns 40 and 41 of table I (a) show that the equivalent 
stress u ~ , ~  is less than u ~ , ~  for all point stat,ions except 17 
to b. The effcct of plastic flow must be considered a t  these 
stations and flow a t  these stations modifies the stresses at 
other locations in the disk. With the cxceptions and the 
additions noted, the method of computation is the same as 
the method of reference 1 and will not be discussed in further 
detail. 
The plastic-flow calculation has been divided into two 
parts because several quantities used in the computation 
depend only on the dimensions of the disk and can be used 
in all subsequent calculations involving plastic deformation. 
These quantities are computed for stations 17 to b, as shown 
by the four column headings of table I (b). 
The second part of the plastic-flow calculation is given in 
table I ( (a ) .  The first column in this part of the table (column 
46) lists the values of e p , n  obtained from the corresponding 
stress-strain curve (fig. 7), as previously explained. Column 
46a lists the value of ep, , ,  used for the ensuing calculation, 
which for the first approximation is the same as column 46. 
(a) 480’ F. 
(c) 809’ F. 
Sfroin. in. /in. 
(b) 6 2 3 O  F. 
(d) 1050’ F. 
F I G T m E  7.-Stress-strain curves of disk material for various temperatures. 
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Columns 47 and 48 list the values of AT,n and At,,, respectively, 
computed by equations (20). Columns 49 to 52 are com- 
puted as shown by the column headings and from these 
columns the values of P’, are computed and listed in 
column 53.  Column 54 gives the values of the term 
H’n-[P’n]-[&’n]-P’n, which is then used to compute new 
values of Mn, AI’,, B T . n ,  R,n,  ut,n, ur ,nt  ut,,, and u e , n  as shown 
in columns 55 to 62, respectively. The new values of e p . ,  cor- 
responding to the new values of u ~ , ~  are read from figurc 7 
and listed in column 46 of the second-approximation calcu- 
lation. The values in column 46 for the first and second 
approximations now constitute the lower and upper limits, 
respectively, of the possible strain increments. For the 
second approximation, column 46a therefore lists as the 
values of e p , n  to be used in this set of calculations the numeri- 
cal averages of tlie two sets of readings from the stress- 
strain curve. From this value, another new sct of stress 
values is computed and a third set of readings listed in 
column 46. 
At this point in the calculation, two alternate procedures 
are possible, as shown by consideration of station b. Inas- 
much as the average value of 4300 X inches per inrli 
u s d  iri tliv second approximation gave a grapli reading of 
1900 X inches per inch, the avcraging procedure would 
4300+ ‘3960 
2 
indicate tliat the next trial should be ~ 1 -~ x10-6 
or 4130X10-6 inchrs per inch. This value could be used 
and the procedure continued until the correct value is found. 
Consitlerahlc t inie may be savcd, horn-ever, in making the 
calculation if a weighted approximation is used. Because 
the plastic-strain value of 3960x  inches per inch gave a 
resulting reading of 4650 x lop6 inches per inch whereas the 
value 4300 x 1W6 inches per inch gave tlie reading 1900 X 
inclies pcxr inch, the strain 8960x10-6 inches per inch is 
apparently more nearly correct than 4300 X lop6 inches per 
inch. In addition, the shape of the stress-strain curve in the 
region of 3960 X is such that small increases in stress cor- 
respond to large changes in strain. If a trial calculation were 
I I I I I I  
’ P/as’tic stress I 
’ress 
FIGURE 8.--Btresses in turbinc disk under conditions of curve I of figurc 6.  
-/SO0 3 
2 4 6 a lo 
Radial distance, m. 
FI(.I I ~ E  4 --Stiessrq in tuibiiie (lick undrr condition\ of c u n c  I1 of figutr 6. 
made using u. value closcr to 3960 than 4130 (for instanre, 
4000), more inforrnatio~i might he obtained than would be 
obtainccl by the averaging procc~lurc. The right answcr is 
thereby more quicldy ohtnined. The same reasoning might 
be applied to the selection of values to b~ used a t  tlie other 
stations for the third calculation. The second of these 
two procedures has been used in t a l k  I (c), as can be seen 
from the values of in column 46a used for thc third 
approximation. 
Complction of the third approximation and comparison 
with new values of strain obtained from the stress-strain curve 
show the estimates of tlie third approximation to bc nearly 
correct, so that small adjustments made to compute the fourth 
arid fifth approximations give tlie final answers. A calcula- 
tion equivalent to a sixth approximation is then made to 
column 53 to get the final correct values of the E”, terms. 
The stresses a t  the other stations a through 16 can now be 
computed by using the value of u , , ~  found in the sixth approxi- 
mation with hhe values A,,,, A , , ,  BT,n, and R , ,  found in 
table I (a). The values of plastic stress a t  all radii together 
with the elastic-stress distribution are plotted in figure 8. 
Example II.-Example I1 considers the disk studied in 
example I a t  the time that the operating conditions have 
reached those indicated by curve 11 of figure 6. The elastic 
calculations are made by the method of reference 1 modified 
in accordance with the changes made in example I .  The 
essential parts of the computation are shown in table 11, 
which is abridged from the complete calculation. Column 25a 
lists the values of [I-”,] that were found as the final values 
of P’, in example I .  Plastic flow occurs a t  stations 17, 18, 
19, and b,  and calculated true stresses when this plastic flow 
is considered are listed in table 11. The stresses obtained 
as a result of this computation are plotted in figure 9. The 
elastic stresses obtained without considering the plastic flow 
that occurred previously arc also plotted for comparison in 
figure 9. 
Example D1.-Example I11 contiiiues the cycle analyzed 
in examples I and 11, a t  tlie conditions of curve 111 of figure 6. 
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Rodiol distance, in. 
FIGI-HE IO.-Stresses in turhine disk under conditions of curve 111 of figurr 6. 
Table I11 gives the essential parts of the calculation for this 
example, which is similar to the procedure for example I in 
table I. The value of [P in ] ,  column 25a, however, is the 
total of the values of P’, obtained from examples I 
and 11. In  this example, plastic flow occurs only a t  stations 
1’7 and 18. The results of this computation, together with 
the elastic-stress curves found without consideration of 
previous plastic flow, are shown in figure 10. 
Example AT.-The steady-state operating conditions repre- 
sented by curve IV of figure 6 are treated in example IV. 
The essential calculations shown in table IV (a) were made 
similarly to those in table I11 except that [P’,] in column 25a 
is now the sum of the values of P’, from examples I ,  11, and 
111. Because no values of be,, exceed those of by,,, no plastic 
flow occurs and the stiess values of table IV (a) are the true 
stresses a t  the beginning of steady-state operation. However, 
as parts of the disk are a t  elevated temperature, significant 
creep can occur a t  steady load a t  stations 16, 17, and 18 where 
the stresses are sufficiently high. Table IV (b) shows the 
calculations of creep. Column 63 lists the creep rate C, 
(in./(in.) (hr)), and column 64 the creep increment rn for the 
5-hour running period. Columns 65 and 66 give the com- 
puted values of 6T., and 6,,,, respectively. The computation 
Rodiol distance, in. 
FIGURE ll.--Stresses in turbine disk under conditions of cgrve I\’ of figure 6. (The strrsses 
before and after creep occurs wincide nithin the ~CCULBCY of this plot.) 
Rodiol distance, in. 
FIGERE 12.-Stwsses in turbine disk under conditions of curve V of figure 6. 
then proceeds in a manner similar to the plastic-flow calcu- 
lations, as indicated in the column headings. The values 
for stress obtained indicate that, for small values, creep has 
only a slight effect on the stresses. Figure 11 shows the 
stress distributions at  the beginning and the end of the 
steady-stat e running period, together with the elastic stresses 
obtained without considering either creep or previous plastic 
f lOW. 
Example V.-The conditions of example IT represent one 
of the conditions though which the turbine disk is assumed 
to pass during the stopping period. The abridged elastic 
calculations are given in table V. Values listed now repre- 
sent the accumulated effect of plastic flow [Pi,] plus the addi- 
tional effect of the creep represented by [Q’,] ; [Q’,] is the same 
as the Q’, computed in example IV. All values of uc., are 
less than the corresponding values of uV,,;  therefore no 
plastic flow occurs. The results of the calculation are 
plotted in figure 12, together with the elastic stresses com- 
puted without considering previous plastic flow or creep. 
Example VI.-Example VI is the computation of the stress 
distribution at  the temperature distribution assumed to be 
present shortly after the wheel has stopped turning. The 
essential parts of the calculation are shown in table VI. 
Because no flow was found in example V, the [P’,I+[&‘,] 
term will be the same in this. example as in example V. 
Plastic flow occurs a t  station b.  The resulting stresses are 
plotted in figure 13, together with the elastic stresses com- 
Plastic stress 
€/asfir s t r e s s  
(previous f low 
neqlec fed) 
Rodiff /  dmtonre, m .  . 
FIGURE 13.--Stresses in turbine disk under conditions of curve VI of figure6 
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puted without consideration of previous plastic flow and 
creep. 
Example VI1.-Esample VI1 is the computation of the 
stress distribution in the disk after the tempcraturc has 
become uniform a t  the ambicnt tcmpcratiirc (assumc.d to be 
70' F) throughout the disk. These stresses are therefore 
the residual stresses in the disk resulting from the flow 
occurring during the complctr operating cyclc. Thc abridged 
calculations given in table VI1 indicate that plastic flow 
occurs a t  station b and the residual strcsscs arc plotted in 
figure 14. 
Discussion of numerical examples.-The foregoing cycle 
of stress calculations is intlicativc of thck means of obtaining 
a complete analysis of the stress behavior of a turbine disk. 
Although thc rcsults plotted in thc various figures and 
summarized in figurr 15 do not represent tho csact bchavior 
of any particular turbine disk because of tho lack of data on 
the material properties and temperature gradients, thcy do 
give a qualitative picture of the behavior of a turbine disk 
with weldd  blades. The high residual tensile strcss a t  the 
rim of the whcd provides a plausible explanation of thc rim 
cracking that has occurred in sucli wlicels. The cbompressive 
flow a t  thc rim during starting and thc tensile flow- 011 stopping 
result in c>yclic flow of the rim matcrial with each start and 
stop and possibly induct. c-racks. When nc~uratc  (lata are 
available on creep, strcss-strain relations, thr eff ect of 
strain-hardening, and tempcmture distribution, quantitative 
FIGURE 14.-Residual stresses in turbine disk upon completion of onc operating cycle. 
I I I I I I I  
2 4 6 8 I 
Radial distance, / R  
analyses of disk behavior will be availablc as a guide in 
future turbine design. 
CONCLUSIONS 
A method for studying thc optrating strcsscs in gas-turbine 
disks has heen presented that includes consideration of the 
effect of plastic flow and crcep on the stress distribution. 
Results of calculations indicate that rim cracking in turbine 
wheels with welded blade attachments may be caused by 
alternate compressive and tensilc plastic flow as the whcel is 
alternatcly heated and cooled. From the rcsults of thc nu- 
merical csamples presented, i t  may be conckled that plastic 
flow markedly alters the elastic-stress distribution. 
Flight Propulsion Research Laboratory, 
Cleveland, Ohio, March 5,  1948. 
National Advisory Committee for Aeronautics, 
APPENDIX 
STRESS CALCULATION FOR DISK WITH CENTRAL HOLE 
The calculations given in the section Numerical Examples 
deal with a disk that is solid at the center and has temperature 
gradients such that the plastic flow is confined to the region of 
the rim. Disks of other types spun under different condition; 
may be subject to plastic flow in other regions. 
One example of such a disk is a parallel-sided disk with a 
FI(.PIIE I(i.--Btrcssebs in parallelsidcd disk with central hole. 
central hole spun a t  a uniform temperature. In  this disk 
plastic flow first occurs in the region of the central hole. Such 
a disk spun a t  a speed great enough to cause some flow near 
the hole is calculated here. 
The essential columns of the elastic calculation are given 
in table VI11 (a). Flow is indicated a t  stations a, 2 ,3 ,  and 4. 
However, as flow occurs the stresses farther out in the disk 
may be increased. The quantities depending on disk dimen- 
sions, together with tlic first approximation, shown in table 
VI11 (b), are found in the manner given in tho test. Khcn 
the values of Br,% and Bz,n (columns 57 and 58) arc found for 
the stations a t  which flow occurs, however, new values of 
and Bz,n must also be computed for all other point sta- 
tions before a new value of (column 59) can be found. 
These computations are also shown in table VI11 (b) for the 
first approximation. Additional approximations must be 
made in the same manner until the correct flow increments 
arc found. The stresses so calculated are plotted in figure 16. 
Where large numbers of computations involving plastic 
flow at the center of the disk are to be made, it may bc desir- 
able to change the finite-difference approach to tho problem 
in such a manner that the calculations are made from the 
outside of the disk toward thr center instead of from thc 
center toward the rim. This proccdurc has certain disad- 
vantages as a general approach to the problem of stresses in 
disks, particularly in that it requires a greater number of 
significant figures to obtain the samc accuracy. For special 
applications it may, however, present advantages that out- 
weigh the disadvantages in more genrral problems. 
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TABLE I.-CilI,CULATIOX OF STRESS DISTRIBUTIOS FOR EXAJlPLF; I 
(a) Elastic-stress calculation 
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-17nx. i  
-1909.8 
-2053.3 
.,- 
. . . . . . . . . 
-15.292 
-49. Oi7 
-18. sun 
.......~...~.~. 
-0 0Yi725XlO-~ 
-, 115!i2 
-. 15887 
-. 19546 
- .  23184 -. 31774 -. 42i90 
- ,47570 
-. 48049 
-. 44892 
-_ 45634 
-_ 4834.5 -. 51w2 
-. 769% 
-. i.5176 
-. 7482.5 
-_ i3201 
-_ i8842 
-. insgo 
~. . ~. .  
n. RIYE . 84657 
. ii9X8 
. 81901 
,84657 
. ii!l90 
.82216 
.91689 
98834 
. Y 4 i t i G  
,93326 . 744x2 
.93!lR2 
1.0046 
1.0333 
1.02i6 
1. 0409 
1 .0 i91  
I .  0935 
~~ 
~. .
-61.166 
-is. 163 
-196.31 
-615. 25 
4 3 4 .  n i  
- 1, 758.0  
- I .  527.2 
.2201 I 
,303 i9  
,24293 
,20391 . 09~930 
. O X ~ Y S S  
. n 6 x w  
. n s u m  
.(I74844 
. 057282 
.(I30493 
.02!1591 
,028958 
,027099 
-3; 018. 3 
-S. i44. 9 
-10, i f i6 
-20.313 
-37,271 
-28.938 
-38,5134 
-49,881 
-58,543 
, 
U. - 
2.. 
3.. 
4.. 
5.. 
6. ~ 
8.. 
9. ~ 
10 
11. 
12. 
13. 
14. 
IS. 
16. 
17 
n.. 
-666.15 
-1847.1 
-3959.1 
-19.759 
-681. !I 
-18fio., 
-4295. n 
-19. 762 -m. 43 
5. 8099 
14.489 
28.564 
14.862 
32.113 
,19034 
5.9139 
. I 9 0 7  
5. i802 
DETERMINATION OF STRESSES IN GAS-TURBINE DISKS SUBJECTED TO PLASTIC FLOW AND CREEP 
TABLE I.--CALC'ULtlTIOS OF STRESS DISTRIBVTIOS FOR ESAMP1,E I--Coilcluded 
13 
(bl Constants dvkrminrd bl- disk gcomctrr to he uwi 
in all plastic oilrulations 
(8) Elastic-stress calculation-Concluded 
- -___ 
1 3 6  1 3 7  / 3 8 1 3 9 1 4 n I  41 1 42 
n 
-15.292 -*. K34 
-95.431 
-172.39 
-266.85 
-m. L13 
-1,287. 3 
-4,913.8 
-6,997. 5 
-2.478. fi 
-in, 459 
-55. 028 
-16.366 
-26,915 
--r9,644 
-101i.070 
- 13Y, 9w) 
-181.2.50 
-213,380 
27, 755 
27, 719 
27.678 
27, 576 
2 i ,  447 
27,292 
26, 893 
29,076 
31,608 
35,222 
37,779 
3R.m 
36,68Y 
&3,843 
23.698 
18, 702 
16,412 
13,374 
9, SY3 
4,585 
27, 755 
2 i ,  740 
27. i l 8  
27, 6SY 
2 i ,  ,582 
27.4% 
27.245 
28,108 
29.559 
30,932 
31,493 
29.952 
25,103 
15,131 
-6.504 
-41,628 
-6 i ,  593 
-ini,090 
-141, 720 
-174,750 
73, ,SM 
73, Yw) 
73. 500 
i 3 , 5 0  
i3.500 
73.500 
73.500 
73,500 
73, xx) 
73,500 
73,500 
73, 500 
73,500 
73,500 
i 3 , m  
73,500 
72, m0 
io. 300 
67. OOo 
54. ooo 
27. 755 
27, 730 
25. 69R 
27.618 
27, 51 5 
27, 391 
27, n i l  
28, ea 
30.635 
33.285 
35,061 
34, w3 
32.485 
29,364 
27, 532 
k3.490 
77,120 
1m.m 
146,750 
177, MM 
'onstant at 
2i.755 for 
a.; b of4595 
l h j s q  i n .  
(fie. 6) 
(cj Plastic-stress calculation 
- 
n 
- 
17 
18 
19 
17 b
19 
b 
17 
18 
19 
18 
19 
in  
17 r)
li b 
17 b 
18 
19 
18 
19 
b 
- 
n 
__ 
16 
l i  
19 
17 b 
19 
b 
I7  
IS 
19 
b 
17 i n  
I9 
17 b 
18 
1Y 
17 b 
18 
19 
b 
i n  
in  
46 4 i  48 1 49 50 51 52 s3 ' 
tP." 
(cst imatej 
A ~iliro\imation 
(48) x (44) 
n . m x w  
.I9729 
5. 8099 
0 
5. 9139 
0 
5. iHo2 
0 
5. WG5 
0 
14.48Y 
1m34 
14. E62 
. 1 m i  
14. 8 0 i  
. IXIZI 
14. n i i  
5. 8 x 7  
n 
14. 822 
. l90% 
14.822 
, 1 9 0 2 1 3  
R. 8i14 
n. t~1oxio-6 
-19,359 
-6%. 35 
-1820.7 
20x10-1 
m 
670 
1850 
3960 
690 
1W 
4650 
20 
670 
1850 
1900 
20 
690 
1960 'rn 
Iwl 
1860 
4m rm 
680 
' 1860 
4015 
m 
i3.021~10- 
395. 07 
1014.2 
1040.3 
2312. I 
393. os 
2056.6 
12.562 
402.14 
12.549 
1036.5 
2218.3 
12.555 
398.99 
10377. 2 
21%. 0 
12.558 
399.27 
20. IS1 x  IO-^ 
662. SY 
123i. 4 
2236. 5 
20.24Y 
677. 9 i  
1236. 8 
2m. 4 
20.252 
662.74 
1246. 3 
zjm. 4 
20.2.50 
672.90 
1236.5 
2 M . 9  
20 249 
672.87 
1236. 5 
m2. 4 
20.250 
ti72 8 i  
1236 5 
2282.4 
I ..................... mx1w 
670 
1850 
39630 
20 
685 
1% 
4300 
20 
670 
1RfQ 
4100 
20 
ma 
1860 
4000 
20 
ma 
1860 
4015 
20 
fm 
1860 
4015 
-675.91 
-1873.5 
-4014.1 
-20. 059 
-cai 19  
2 ....................... 0 
- 19.460 
-671.29 
-1834.1 
n 
-19.463 
-656. 63 
0 
-1Y. 461 
-Mi. 42 
0 
-1Y. JCiO 
-M. 38
-1829.3 
-1829.2 
"Y..  w 
-1887. 3 
-4355.5 
-20.062 
-676. 23 
. " O n  n 
3. ..................... 
4 ....................... 
- ,036 a 
-4152.1 
-20. OFU 
-6%. .XI 
-1w.2 
-4051. 3 
-20. os9 
-6%. 27 
-1m2.2 
-40% 8 -Inz+.z 
-20.ofKJ ! (I 
-40%. 8 1-1s29.2 
-W,. 27 -19. 461 
-1882.2 ~ -6fXi.38 
I 
........................ 
IlX3i. 5 
2160.3 
103i. 5 
21MI. 8 
12.557 
399. 25 
6. ...................... 
5 7 51 
___. 
55 
hpprorimntion 
-3174.2 
-1.538. 9 
-15%. 7 
-37.271 
-38.5M 
-49.8!?1 
-58. .5A1 
--28,374 
-2s. (x(n 
-20. m 2  
-in. 1%- 
-9.780. 7 
-25,371 
-20. 1 R5 
-18.169 
-28. 371 
-20. 5% 
-17.925 
-28,371 
-20. 322 
-18, 177 
-28.371 
-20, 323 
-18. 177 
-2. 544.3 
-6,904. 9 
-9, 117. Y 
-8. 779.9 
-22. 718 
-25.25i 
-31.l:li 
-39.567 
-<50.232 
-25,249 
-30, R4R 
-38.266 
--46,81n 
-25,249 
-30,842 
-33,248 
-46. ti% 
-25.249 
-30. ME 
-38.2fi3 
-46. i61 
-25. 249 
- 3 0 . ~ 4  
-3n. 284 
-46, 781 
-25.249 
-30, a44 
-38.254 
-46, i i 7  
2i, i 5 5  
..... 
...... 
...... 
...... 
2 6 . m  
...... 
...... 
...... 
25,957 
.~..~. 
~..~.. 
...... 
2% YQY 
...... 
...... 
-41. (;a i 
-67, .iY3 1 
--101.090 , 
-141.720 
-1i4.7Xl 
39. 4 w  
i7 .  120 
146. i50 
177.ow)' 
ii, 26G 
W, 952 
99, 567 
Ro. 247 
77, 295 
90.57; 
99.237 
82. W i  
i7.277 
90. 363 
inn,  IO 
Valnrs from rla?i.ic-strrqn 
calculation, table I (a). 
is. in2 ~ 
1.3.374 ~ 
4.595 2 1 
13.819 1 
IO, ,u5 
i. A25 9 
4.595 8 I 
13,720 . 
1 ,  12' I )  
4.595 5 
7, 784 7 
4,595 4 
13. i97 
10,865 
i , b ? l  4 
2.595 2 
13. 794 
in, ~ 6 2  
7.80i 8 
4.595 .i 
IS. 412 
9.592 i 
I!, sx j  
10. 815 
13. i82 
1 ~ n i . ~ x i o +  
m 9 .  I 
1407.2 
1928.4 
2664.4 
!BQ. 55 
744.61 
691.00 
427. Yo 
m. 45 
i29.23 
691. 60 
w9.4s 
744.46 
206.00 
m. 45 
691.90 
397.50 
999.45 
734.33 
fiY1.90 
382.00 
96. ooo 
cap. in 
734.30 
-79.544 
- IW. nin 
-139. !m 
-181.2W 
-213,380 
-105, ,500 
-121,480 
-132,490 
-124.080 
-ins, 500 
-121. n in  
-132,130 
-116,840 
-105,500 
- 121,480 
-132,260 
- i z i+  nin ...... 
-105,500 ' 26. (KS 
--121,2(w) I ...... 
-132,W \ ..~.~. 
-123.220 ...... 
-105,nW ' * 2ti.W; 
--121.200 ...... 
-132.250 ...... 
-122,8W I . . ~ ~ ~ .  
-1Ros. 8 
-2053.3 
-1530.3 
-1444.6 
-1456.6 
-1376.0 
-143s. 5 
-1275.3 
-1530.3 
-1444.5 
-1453.3 
-1336.1 
-1530.3 
-1440. 5 
-14%. 9 
-1530.3 
-1440.5 
-1456.9 
-13G2.1 
-1.530.3 
--14.%. n 
-13txi. n 
1 ....................... -69,124 I 
-s5 .n i9  
- 9 i . m  
-ni.HIii 1 
-6Y, 516 
-84 in2 1 
--95.14i 
-W, 413 
-69,459 I 
-%,054 I 
-95,223 1 
-M. nm 
-69.445 ' 
--R4.760 I 
-95,204 
- S i , n n  ' 
-69.448 , 
-81, 763 
--9s,m7 1 
-%, 685 
2. ................... 
3 ................... 
99, 349 
u7.215 
4..... .................. 
..... 
77. 273 
Yo, 682 
93,340 
89, wa 
77.274 5 .  ...................... 
90, &a 
99,341 
89.072 
This raluc of ut,. is also substituted for the original v a l u ~  of ut.o used ir. table I(ai to compute p1,lastic stress for statioos u to 16. 
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61 
a,," 
39 25b 35 
a r . n  U l , "  '1'"- [/""I -14'.1 
3li, 003 
36. niis 
31i, O:iA 
35.94 I 
3.5, 821 
3.5, ti75 
:35, 2Y5 
31;. 21 5 
3i.  55i 
3x.22x 
3 i ,  649 
34. liii 
26, 320 
12. R i i  
-12,10'9 
- 4 i ,  3 U i  
-in, 310 
-so, I i X i  
-81.61% 
-61,549 
~...-.~~... .  
F x10-6 
0 
0 
0 
0 
0 
8. li400 
n 
lil . 0fil 
i8 .  Xi11 
1.58. 3x 
284.01 
4 x 6 9  I 
813.40 
1364. 6 
Rl8. 94 
3so. 0s 
2.51. 61 
-ins. 13 
3 5 . M  
3.5. 62!J 
35. 5fi.5 
0 x1o-c 
0 
0 
0 
c 
n 
n 
8. (;-Lon 
fil. ORO 
78. xi0 
158.:1s 
2x4. 113 
486.94 
81 3. -10 
1XI.X. F 
YXI. 89 
,579. :13 
358. (io 
-224. 10 
35: 4Ofi 
35. 2115 
34. 9172 
34. :1:w 
Xi. i U 1  
3!l, 451 
43, 119 
45, i20  
45, 6 5 i  
42,887 
3s. 513 
2.5, 9.54 
19, 2% 
11;. 301 
I:i. mi 
9, 988 
i, 012 
130 0 
1311 0 
1R0 [I 
131 8.6400 
13x lil. Otin 
I65 1.5Y.3X 
1Yi 254.03 
251 .IX6.!14 
3:IY 813.40 
481 . 13li4.li 
578 9x0. 14 
i l H l  1252. 2 
X.48 1.5Y5. 1 
130 n 
1311 n 
147 i 8 . m  
mio znsx. :3 
:is, 5Rii 
95. 41.3 
35, 267 
34,  X8i 
3.5, i83 
3;. nsii 
:3i, ilHl 
3;. ox:: 
0 
I1 
0 
tii2. 47 
20. 230 
??M. 5 
2282.4 
-i2,1nx 
-56. I Y I i  
39 
I 
I 7  
AT,,  
-~ ~ 
4 1 .  I:iJ 
44, V Y i  
44. 4.59 
44. 238 
44, o i9  
4 3 . w  
43, 3XI  
41, I . iY 
44. 631 
41, 4x1 
41,125 
3.5. F.5x 
2.5, 2 : ~  
0, tiii0 
-15.112 
-44. m x  
-5X.5kX 
-5.7. i 5 2  
-44, 4li5 
-2l.li-l 
1. :{i.w 
4. : l iRI l  
1, :ii511 
4 .  :4i.511 
4.  :i750 
4.3i.5O 
4. :!;RO 
3 .  x4no 
3.2i511 
2. Bi20 
2. 21ill1 
2. lFfil 
2. 16.50 
2. iKI0 
2. 5Sl I l~  
2. I X i l l l  
2. 1450 
2. rixon 
2. innn 
1.  m i  
~~ 
4H. S l i i  
43. :31;4 
14, I41  
44. li42 
43,15!1 
11, 102 
36, 533 
25.212 
9, Ii'l 
--15. 1 R l i  
-4 X.51 
29. lili 
~~ 
-57, 9x1 
- 5 5 , 5 2 5  
-44.478 
-21.185 
2 :2 i u  :!I 
-. ~ 
a,.,. 
~ 
46, Oll6 
45.  ! l i 4  
4.5, 830 
45, 80Y 
45, 6F.O 
45,455 
44. 1iYX 
44, I I Y  
42. 5 C i  
37. 1.55 
32.52 i  
25, OX) 
11,400 
2 2 i  
-19, 203 
-3li, 527 
-4.5,462 
--H2,446 
-15. 5.54 
IO, 4iO 
~ _ _  
25h 
. 
h .  
4. m n  
4.3 i50  
4.3inO 
4. : m n  
4 .3 iS i I  
4. :1i511 
4. 3 iMl  
3. X4!10 
3. 2i5n 
2. fi8oc 
2. :Ii20 
2. 21no 
2. 1tinn 
2. 1550 
2. irflo 
2. sjoll 
2. :IR(ill 
2. 1450 
1. 9100 
- 
2. moo 
an Ir"-ll""~-lQ'.cl - Y .  ~ 
!I. I4inx1o-fi 
!I. I4iO 
'3. 1471) 
9. 14iO 
46, OOR 
4.5, !K32 
45, &1x 
4.5, r M i  
45,373 
45.051 
xi. 2nn 44. IS4 
5% 7r)o 46,959 
161.00 49, 149 
343. '30 52,329 
2ili. 40 54, I S i  
361.30 52, fiG8 
45Y. 30 47,920 
cio5.30 41, 517 
i 4 5 . 6 0  26, iX0  
Y51.30 19.146 
n ! I .  $3 16, 1Oi 
- 84. 64 13, ?oo 
--Mu. 40 ll,nlu 
-14Oi. I 1 Y,B4fl 
. ~ ~ ~ . ~ . . . . ~ . ~ ~ ~  
11 Xl(i-6 
0 
0 
0 
0 
io. mi 
5Y. io0 
l( i1.M 
313.90 
2i6.40 
361.:10 
459.30 
R05. :4n 
2 5 .  MI 
R51.30 
538. 54 
-405.17 
-Mi .  Y4 
-140B. 5 
11 
9. I i i n  
9. 1470 
$1 1490 
9. 1,590 
!4. IY40 
9. 2:180 
9.2820 
9. :3:3x11 
9.1080 
9.5000 
9. IiIW 
0 
II 
3,294 
2,662 
, 
1 
-5 .  907 
-6,991 
- 7. 843 
-8.947 
16 
T.il3LE L-.--AIIRIDGED VALUES FROM CALCULATIOS OF STRESS DISTRIBUTIOS FOR E S A I I P L E  V 
2 
h, 
4.37.50 
4. 3iSW 
4.3750 
4.3 iX l  
4.37.50 
4.37.50 
4.3750 
3. &Loo 
3 .  2750 
2. rm 
2 . 3 i M  
2.2100 
2.  1600 
2.1550 
2. io00 
2. io00 
2. 5 . m  
?..?(uM 
2. 14.3 
1.9100 
0 t . n  O r . *  
22.2Kj 
?I,"- [P'"] - IQ.1 
____. 
~ ~ ~ . . . . ~ ~ . .  
9.49 x 10-4 
9. I6 
9. 50 
37.36 
28.22 
84.50 
226. i O  
334. 78 
426.09 
254.27 
- 
10-6 
I 
I 
I 
22,2% 
22.023 
21.811 
21. F45 
20,687 
a1.085 
in. i t i u  
14.149 
X,3W 
1.010 
-3.342 
-8. i 2 4  
-14. RUT 
-21,552 
-29, 867 
-S i ,  i b l  
-3i. 429 
-I!#, 393 
9. w3 
5x, 8Rh 
.. ~ ~ ~ ~ . ~ . . ~ . . .  
Y. 4YXlO-6 
Y. 16 
9. .50 
3 7 . X  
2H. 22 
x4. 50 
224;. 70 
334. 78 
426. 09 
254.27 
2x7. 76 
30Y. 42 
3x2. 0Y 
3fiO. Y i  
3Yl. i 4  
- M U .  Y i  
40.840 
- 111)o. 5 
22,285 
22,253 
22,181 
22,02i 
21.801 
21. 501 
20. i 44  
21. ow 
20,964 
20,6HO 
20.585 
19. 144 
16.52Y 
13 .M)  
7. i4H 
4.365 
2. 879 
I ,  675 
1. lil 
I ,  xi 
22. 285 
22,023 
21,811 
21. vi45 
20, fix7 
20. 08.5 
18, iw  
14,149 
n, 300 
I .  nin 
331 
332 
3:33 
334 
338 
341 
3 <50 
3 i 4  
4OY 
453 
479 
508 
539 
572 
fii8 
(46 
f i i i  
Ii8i 
7IJS 
i30 
0 x10-0 
0 LL. 1 0 1  
22.02i 
21, no1 
21. 501 
20,744 
21.090 
20, 964 
20,585 
19.144 
16, 529 
13.400 
i. i 4 8  
4. 36.5 
2. X i Y  
1,lii.i 
1. l i l  
1, i64 
20. MI 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
3i. 36 
28.22 
84.50 
2&. i0  
334. 78 
426.09 
254.27 
mi 76 
~. .~. 
-3, 342 
-8. 524 
- 14,M i  
-21,552 
-29. Si 
-3 i ,  781 
-3i.  429 
~ . . .  
my .  42 
332. 0Y 
3M. Y i  
391. i 4  
--Fi38. 97 
40.840 
-1lIV 5 
-1Y18.5 
-1Y. 3Y:3 
9. x3:i 
58. 858 - 1 Y l X . 5  
.. ___ 
61 5 6 ~7 54 , b0 2 
h ,  E,  
29.300 > 
29.300 
29.3(K) 
29.300 
29.200 
29.200 
29.200 
2Y. I00 
29.100 
29. ooo 
29. MKJ 
28. WO 
28. xn 
28. sca 
28. (urn 
28.800 
28.800 
28. XiN  
28. 'JOO 
28. no0 
__ 
a. 
___ 
8. F i60XI (b '  
8. 6iiO 
8.6790 
8.6840 
8. fi880 
8.6930 
8.7010 
8. i 3 i 0  
8. i5MI 
8. 7640 
8. ii30 
8.7820 
8. iY10 
8. iYW 
8. 801x1 
8.8140 
n 8 l i o  
8. 8220 
Y. 82KI 
8. i i w  
A T. 
236 
237 
238 
241 
244 
2 4 i  
252 
263 
2i4 
291 
297 
302 
308 
313 
31Y 
322 
324 
:32i 
330 
286 
a,,., 
__ .- 
36lI i  
3592 
: 3 5 3 i  
:3:164 
3140 
2897 
2417 
1725 
933 
2 
- 515 
-1108 
- 11x339 
-2140 
-2lfi5 
-26iti 
-3025 
-:3o00 
-2197 
0 
C , . n  
3. 616 
3, 3 i 5  
3, 160 
2.529 
1, 956 
1.402 
557 
-1,301 
-3. 144 
-5,260 
-6.0Y3 
-i. 1x5 
-8.043 
-Y, 1.50 
-1). XI9  
-10. 8&4 
-6. is% 
17. 132 
53. .%34 
112. m 
01 n 
4.3i50 
4.3750 
4 . 3 i 5 0  
4.3750 
4.3750 
4. 3750 
4.3750 
3.8400 
3 . 2 i . M  
2. ti800 
2.3720 
2.2100 
2. ltioo 
2.1550 
2. io00 
2. iI100 
2.5500 
2.3xoo 
2.1450 
1.9100 
3750 
3i2l i  
3672 
3274 
3030 
2551 
1876 
1106 
2 O i  
-31 i  
- 8Ci 
-1396 
--1SiH 
-1Yi4 
--Z4rt, 
- 2824 
-2785 
-195Y 
0 
349n 
. . . ~ ~ ~ ~  .... ~ 
R.Ylx10-6 
9. 15 
2;. 20 
2;. 03 
2i. 30 
45.48 
1(K). 44 
loo. 84 
110. 28 
16.11 
5s. 26 
46. .5n 
55. 4ti 
41;. 41, 
5s.  98 
28. 04 
18. HI 
28. 01) 
27. i 9  
46.11 
55.28 
46. 58 
55. 46 
46.46 
-139.12 
-840. Xi 
55. 98 
-1:305. 4 
-14Gl. 0 
55.26 
JJ. 46 
46 Ifi 
4fi. 58 
0 
0 
I 
11 I ... . .5s 9s 
~ t i i .  16 
858.Y; I 
1333.5 1 
2162.5 
I_
-139.12 
-840.3i 
-13305. 4 
-2134. 7 
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TABLE VI1.-ABRIDGED VALUES FROXI CA1,CI:LATIOS OF STRESS DISTRIHUTIOK FOR EXAMPLE VI1 
25 25u 1 25h 38 
a,.., 
39 
U t , "  
51 2 
n l  r n  h. 
~ 
4.3750 
4.3750 
4.3 i50  
4.3750 
4.3i50 
4.3750 
4.3i.50 
3.8400 
3.2750 
2.6800 
2.3720 
2. 2100 
2.1600 
2. 15.50 
2.7000 
2. i 0 0 X l  
2.5xK) 
2. 14.50 
I .  9I(N 
2.3800 
...~...~...~ 
0 x10-8 
0 
0 
n 
n 
I1 
0 
11 
0 
I) 
0 
(1 
-2468 
-2468 
-2468 
-2468 
-2468 
-2468 
-2408 
-2779 
-31x3 
- V i 9  
-4202 
-4437 
-4475 
-443'2 
-3518 
-3516 
-3644 
-3378 
-2282 
0 
-2,468 
-2,468 
-2,468 
-2.468 
-2,468 
-2,468 
-2,468 
-2,614 
-2,849 
-3,193 
-3,428 
-3,604 
-3. io5 
-3,762 
-3, 4 i ( i  
-3, 4i9 
I ,  358 
26, 512 
65,023 
107,180 
-23.56 
--2356 
-2356 
-2356 
-2356 
-2356 
-2356 
-2653 
-3039 
-3608 
-4012 
-4237 
-4273 
-4232 
-3359 
-3356 
-3476 
-3199 
-2w3 
0 
-2,356 
-2,3.56 
-2,356 
-2,356 
-2, 356 
-2,356 
-2,356 
-2.490 
-2. 720 
-3,04Y 
-3,273 
-3,442 
-3,537 
-3.592 
-3,319 
-3.321 
I ,  519 
26, 6 i i  
I%, 195 
91,169 
0 
-167.16 
-858.97 
-1333. 5 
-1488.8 
0 
-16i. 16 
-858.97 
-947.81 
-1333.5 
858.97 ' 1333. 5 
1 1488.8 
TABLE: VIII.-<'rlI,<'lJLATIOY OF STRESS DISTHIRUTIOK FOR P A R A L L E I A I D E D  DISK 
(a) Abridged values 
_ _  
5 25h 39 ___ 
Ut," 
41 
-__- 
a. n 
2 38 
C,." 
0 
31,ti.w 
4n, 4110 
fi4, 5 i 3  
i4,3'J4 
i5,607 
74,187 
i l ,  3(i9 
07, 553 
(i2, 8 ~ 2  
57,471 
61,392 
44,473 
36, Y34 
28, ill 
19,813 
0 
10, 248 
0 l a  
c m l  2 
Y c s 
s ! I  L. c m c 2 
0 
d vi
0 
77.268 67.282 I i7:6ti9 
(h) Calculation for first appro\im:btion of pl:rsti<--strtm distribution 
4; 
I I 
1800.00XlO-~ .... ~ . . ~ . . . ~ ~ ~  ... ~ ..... ~ .  ....... ~ .... 
<Vi. 56 --16.806X10-~ -112.50X10-~ 591.32XlO-6 
276. Y5 -3.2158 -16.806 300.02 
~ . ~ . . . ~ ~ ~ ~ . .  ..~~....~ .. 
1575. OXlO-fl 854.37x10-6 
483.80 163.75 
230.78 224.34 l o  1 -6.4330 l o  0 
~ 
n 
- 
n 
L 
3. 
4. 
61 
_~ 
56 57 
If', - IP'n] - 
I q J - P ' " ,  
(25h)-(W) 
~ ~ ~ ~ . ~ ~ ~ . . .  
2, 144. 1 
l l i . 8 1  
101. 2:3 
-1. R i 2  i 
........... .. 
-854.3iX10-h 
-1R1. 75 
-224.34 
0 
0 
0 
0 
0 
(1 
(1 
0 
0 
0 
n 
..... .. . 
2. 144. 1 
5. 539. 1 
9.835.0 
12.435 
. .  . . . . . . 
z1.499 
4. 475. x 
5,829.7 
. . . . . . . . . 
23.499 
24.590 
25.8i.5 
S. 
ti. 
8. 
9. 
11 
12 
13 
in 
~~~ 
11,424 
9, 013.8 
5,667. 5 
1. 533. 5 
-3.328. :1 
-8,Wl. 8 
-15, 136 
-22. O W  
-29, ti57 
-37. 9" 
-46.854 
-56,4Fd 
-M, 717 
... 
-518. o 
-4.578. x 
-9, m. 6 
-13.814 
-18, 994 
-24.550 
-30,483 
-8, 194. 6 
-8,994.4 
-Y, 794 6 
-10, 595 
-12,197 
-11,BYti 
14 
15 
Ifi 
17 
h . 
_ _  
-3,021.9 
-3, 265.0 
-3, 50i. 8 
-3. 7x1. 1 
-3,992. 5 
0 
0 
0 
U. 5 G O V E R N M E N T  P R I N T I N G  O F F I C E  1950 
,/' 
i . 
I Force -- , i 
V Diameter 
P Geometric pitch 
p i l l  Pitch ratio 
t7' Inflow velocity 
t.', Slipstreem ve1ocit.y 
4. PROPELLER SYMBOLS 
P 
Power, absolute coescient Cp=--- p n ' P  P 
wi C8 Speed-power tnefficient = ' -v Pn' 
5. FIJMERICAL RELATIONS 
